Problems of inserting lattice-valued functions are investigated. We provide an analogue of the classical insertion theorem of Lane [Proc. Amer. Math. Soc. 49 (1975) 90-94] for L-valued functions where L is a -separable completely distributive lattice (i.e. L admits a countable join-dense subset which is free of completely join-irreducible elements). As a corollary we get an L-version of the Katětov-Tong insertion theorem due to Liu and Luo [Topology Appl. 45 (1992) 173-188] (our proof is different and much simpler). We show that -separable completely distributive lattices are closed under the formation of countable products. In particular, the Hilbert cube is a -separable completely distributive lattice and some join-dense subset is shown to be both order and topologically isomorphic to the hedgehog J (ω) with appropriately defined topology. This done, we deduce an insertion theorem for J (ω)-valued functions which is independent of that of Blair and Swardson [Indian J. Math. 29 (1987) 229-250]. Also, we provide an iff criterion for inserting a pair of semicontinuous function which yields, among others, a characterization of hereditarily normal spaces.
Introduction
There is an extensive literature devoted to the possibility of inserting, for a given pair of comparable real-valued functions f and g on a topological space X, a continuous function h such that f h g. The prototype of such a situation was first investigated by Hahn [12] with f an upper semicontinuous and g a lower semicontinuous function on a metric space. The possibility of inserting such an h characterizes a normal space X. This is the well-known insertion theorem of Katětov [15] and Tong [31] . Different assumptions on f and g lead to characterizations of other topological properties (for a survey we refer to Lane [23] ).
Every insertion theorem necessitates that the range space be endowed with a partial order. The Katětov-Tong theorem for the situation in which the range space is the hedgehog was, in 1987, proved by Blair and Swardson [2] . At the same time, it has been extended in [17] to the case when the range space is the L-fuzzy real line. In 1992, Liu and Luo [25] extended the Katětov-Tong theorem to functions with values in a completely distributive lattice with a countable strictly ∨-generating subset (in the standard terminology: a countable join-dense subset which is free of completely coprimes = supercompact elements). In 1992 too, van Gool [11] obtained a Katětov-Tong-type result for functions with values in a metrizable arcwise connected linked bicontinuous lattice. In 1997, the fairly sophisticated proof of Liu and Luo was simplified by Zhang [33] who has also made a comparative study of the results by Liu-Luo and van Gool. More recently, Yang [32] has discussed the problem of which spaces have the Katětov-Tong-type insertion property for arbitrary connected complete chains with their interval topologies.
The present paper continues the development of insertion-type theorems for latticevalued functions. To do this one first has to choose appropriate definitions of semicontinuity for functions with values in a complete lattice. The most flexible versions of semicontinuity for lattice-valued functions on a topological space seem to be the continuities with respect to the upper topology ν(L) and the lower topology ν˜(L) (cf. [25, 32] ) and [8] for notation). As in [25] , we shall assume that the range space is a completely distributive lattice L with a countable join-dense subset consisting of non-supercompact elements. Such an L will be called a -separable lattice (here denotes the relation of Raney [27] which will play the role of the strictly less than relation <).
We shall prove an analogue of the classical insertion theorem of Lane [22] for L-valued functions, where L is a -separable completely distributive lattice. The proof uses appropriately modified Katětov's relation inspired by [19] (for another refinement of the Katětov relation, see [24] ).
Several results are established as corollaries. Among them are the L-version (with a considerably simpler proof) of the Katětov-Tong-type theorem of Liu and Luo [25] , and the L-valued version of the insertion theorem of Stone [30] .
Also, we make a more detailed study of -separable completely distributive lattices. It is shown that they are closed under the formation of countable products. In particular, the Hilbert cube is shown to be -separable completely distributive lattice, and to contain a join-dense subset which is proved to be both order and topologically isomorphic to the hedgehog J (ω) with appropriately defined topologies. Our insertion theorem for hedgehog-valued functions is independent of that of Blair and Swardson [2] .
Then, we provide an iff criterion for a double insertion theorem and obtain, as corollaries, characterizations of hereditarily normal spaces, extremally disconnected ones, as well as of those that are both hereditarily normal and extremally disconnected, in terms of inserting a pair of semicontinuous L-valued functions (cf. [18] for the real-valued case).
Preliminaries in lattices: the Raney extra order
Throughout this paper L denotes a (complete) completely distributive lattice. This assumption may occasionally be repeated.
In this section we collect the specific notions which will be used later on. Our reference for general concepts regarding lattices and complete distributivity is [9, 6, 27 ] (see also [7] ). We shall not use the equational definition of complete distributivity and we, therefore, start with Raney's [27] characterization of complete distributivity in terms of an extra order with the approximation property. More specifically, given a complete lattice L and a, b ∈ L, we write for each a ∈ L. The extra order has the following properties (cf. [9, 27] Clearly enough, the extra order has the properties ( 1), ( 2) and ( 3).
Also, for future reference we note the following. 
-separable completely distributive lattices
We recall briefly the definition and some properties of Galois connections, see [9] for more details. Let K and M be two partially ordered sets (posets) In what follows, we shall primarily be concerned with those join-dense subsets of a completely distributive lattice L, which are free of supercompact elements. Recall that an element a ∈ L is called supercompact (completely coprime or completely join irreducible, cf. [7, 1] ) if a a. (In [25] , a join-dense subset without supercompact elements is called strictly ∨-generating.) We introduce the following: Let I = ∅ be an arbitrary index set and let L i be a completely distributive lattice for each i ∈ I . Since complete distributivity is closed under the formation of arbitrary products with componentwise ordering (a b ⇐⇒ a(i) b(i) for every i ∈ I ), the product L = i∈I L i is completely distributive. We will denote by 0 and 1 the bottom and top elements in the product L, by i the Raney relation in L i , and by I the Raney relation in L. Dually, we write i and I .
For any a ∈ L, there is a standard order-embedding of the ith factor L i into the product L via the mapping e a i : 
(A). Then there exists some c ∈ A such that a e 1 i (c), equivalently p i (a) c, which means p i (a) i p i (b).
(2) Similar to (1), using the adjunction (p i , e 0 i ). 
Proof. ⇒: This implication follows directly from Facts 3.2(4) and 3.2(1).
⇐:
Consequently a c and we are done. 2
It is now easy to check the following: In particular, the Hilbert cube L(ω) = [0, 1] ω with the componentwise order is aseparable completely distributive lattice. Later on we shall show that its -dense subset
with |I | = ω, is both order and topologically isomorphic to the compact hedgehog J (ω) with ω spines with appropriately defined topology.
Generating lattice-valued functions
Even if a number of generalities which follow hold true for arbitrary complete lattices, our standing assumption on L is-as has already been mentioned-the complete distributivity. For X a set, L X denotes the complete lattice of all maps from X into L under pointwise ordering:
and a ∈ L, we standardly write:
We now discuss in the context of lattices of what is known about generating real-valued functions by monotone families of subsets (Stone-Urysohn's procedure). A good reference for the real case is [21] (see also [30, 4] ). 
Thus, there is some c ∈ D with x ∈ F c such that a c. Then d c and since F is -antitone, x ∈ F d . Thus, we have proved
} is said to be generated by the scale F .
Proof. For the 'only if' part it suffices to note that
Moreover, for every a ∈ L one has the following:
Proof. The existence follows from Lemma 4.1, while the uniqueness is a consequence of Lemma 4.3.
For the inclusion ⊂ in (1), we observe that
For (2), we have
Lattice-valued semicontinuous functions
As has already been mentioned in the introduction, there is a number of possibilities to define semicontinuity for L-valued functions. It is well known (see, e.g., [3, 5] ) that, given a topological space X, a function f : X → R is lower [upper] semicontinuous if and only if f = f * [f = f * ] where f * is the lower limit function of f and is defined by
U is an open neighbourhood of X} and f * the upper limit function of f , is defined dually. We observe that no topology in the codomain is used. Therefore the definitions of lower and upper limit functions go unchanged to the case of L-valued functions (cf. [28, 13, 25] ).
where 
Dually, the following are equivalent: (1) f * is generated by the scale (1) . The same argument applies to (2), and (3) is a consequence of (1) and (2). 2
Katětov-Tong-type insertion theorem
We begin with the following definition which provides an equivalent formulation of the original Katětov relation of [15] .
Definition 6.1 ([15,16,19]). Let X be a set. A binary relation on the powerset P(X) is a Katětov relation if and only if for all A, B, C, D ⊂ X the following hold: (P1) A B ⇒ A ⊂ B, (P2) A ⊂ B C ⊂ D ⇒ A D, (P3) A B and C B ⇒ (A ∪ C) B, (P4) A B and A C ⇒ A (B ∩ C), (P5) A B ⇒ A D B for some D ⊂ X.
(Interpolation Property)
Replacing the power set P(X) by an arbitrary complete lattice L, the axioms (P1)-(P5) can be restated as follows:
• is an idempotent relation (transitive with interpolation property); i.e. • = ,
• {a ∈ L: a b} is an ideal, • {b ∈ L: a b} is a filter.
In view of this fact we can now extend ( [15, 19] ; also cf. [29] ).
Lemma 6.2. Let be a Katětov relation on a complete lattice L. Let A, B ⊂ L be two countable subsets such that

A b and a B for all a ∈ A and b ∈ B, then there is a c ∈ L such that a c b for all a ∈ A and b ∈ B.
Following [19, 16] , we generalize the original Katětov Lemma as follows:
Lemma 6.3. Let be a Katětov relation on a complete lattice L. Let D be an arbitrary countable set and let ≺ be a transitive and irreflexive relation on D. Let {a d } d∈D and
{b d } d∈D be two countable subsets of L such that d ≺ d implies a d a d , b d b d and a d b d .
Then there is a countable subset
Proof. Let {d n } n∈N be an enumeration of D. We proceed to inductively define a countable subset {c d n } n∈N such that
For n = 1, since ≺ is irreflexive, we only need to prove
We set 
Then we have 
Clearly, it is a scale. Since the relation is strong, we have The equivalence of (1) and (2), which follows, has been first proved by Liu and Luo [25] with a rather lengthy and complicated proof. 
semicontinuous, and f g, then there exists a continuous function h :
has a continuous extension to the whole of X. 
Since X is normal, the existence of a continuous h in-between follows from Theorem 6.4. (2) . The continuous function that exists between f and g does extend h. The second implication is the standard: Tietze ⇒ Urysohn. 2
Notice that there are L-analogues of the corollaries in [22] concerning characterizations of some normality-like axioms. Also, an interesting specialization is the one with L being the Hilbert cube. Another specialization will be discussed in the next section.
Insertion of hedgehog-valued functions
In [2] Blair and Swardson initiated the study of insertion properties for the case of functions taking values in the hedgehog J (κ). They proved, among others, a Katětov-Tong-type result with appropriately defined partial order on J (κ) and semicontinuities for J (κ)-valued functions. Monotone analogues of their results were then proved by Good and Stares [10] . The aim of this section is to show that Theorem 6.5 yields an insertion theorem for J (ω)-valued functions. More precisely, if L(ω) = [0, 1] ω is the Hilbert cube (a -separable completely distributive lattice), then the -dense subset L(ω) * (see Section 3) can be identified with the set J (ω) both in the order and the topological sense (the latter after introducing appropriate topologies on J (ω)). We emphasize that the original topologies, as defined in [2] , cannot be used in the context of the Hilbert cube, because L(ω) is compact in the interval topology, and L(ω) * is closed in it.
We recall the definition of the hedgehog. Let κ be some cardinal and I be a set with |I | = κ. Let ∼ be an equivalence relation on the disjoint union X = i∈I ([0, 1] × {i}) defined by (t, i) ∼ (s, j ) if and only if t = 0 = s or (t, i) = (s, j ) . Let J (κ) = X/∼, the set of equivalence classes of X under ∼. In what follows we shall identify equivalence classes with their representatives, and we let 0 to denote the equivalence class (0, i). As in [2] , we define a partial order on J (κ) as follows:
It is worth to note that J (κ) is not a lattice, there exist nonempty meets, but not even finite joins, although every directed subset has a join.
Let
Then J (κ) with the topology generated by B(κ) (cf. [2] ) is called the hedgehog with κ spines. It is important to note that if κ is infinite, then this topological space is not compact.
As has already been mentioned, since the subset L(κ) * of the cube L(κ) is closed in the (compact) topology of the cube, it cannot be homeomorphic to the hedgehog J (κ) equipped with the (noncompact) topology of [2] .
As we shall discuss later, since J (κ) is a poset, the natural topologies on it to work with should be their upper and lower topologies. The appropriate topologies on J (κ) to work with, will be the ones which make the maps φ :
It is clear that φ is injective and φ(J (κ))
As we have already mentioned, in the first case it is the Scott topology σ (J (κ)), while in the second case it is exactly the lower topology ν˜ (J (κ) ), i.e. respective (sub)bases are:
(note that S l (κ) is only a subbase). 
We are now in a position to formulate the following insertion theorem for hedgehogvalued functions: [14] shows, in fact, that
) is continuous and, dually, is continuous for the lower topology ν˜(L). After these explanations, we can omit the proof of the following result. It remains the same as for the real-valued case proved in [18] . We omit formulations of hedgehog analogues of the results of this section.
